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Abstract
Ikehata and Nishihara have established that the difference between any solution u of a
linearly damped abstract wave equation and a certain solution v of a related abstract heat
equation decays at least like t1ðlog tÞ12þe as time tends to inﬁnity. They conjectured that the
decay is in fact like t1: We prove here the validity of this conjecture by relying on the spectral
theorem for unbounded self-adjoint operators. We also establish the optimality of this
estimate for the wave equation in an exterior domain.
r 2003 Elsevier Science (USA). All rights reserved.
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1. Introduction
The main objective of this work is to establish an estimate of the difference
between the solution u of the abstract dissipative wave equation
u00 þ u0 þ Au ¼ 0; uð0Þ ¼ u0; u0ð0Þ ¼ u1; ð1:1Þ
and the solution v of the abstract heat equation
v0 þ Av ¼ 0; vð0Þ ¼ u0 þ u1: ð1:2Þ
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The operator ðA; DðAÞÞ is here a closed, self-adjoint, positive semideﬁnite operator
on a separable Hilbert space H; V :¼ DðA12Þ; and the initial values u0 and u1 belong
to the spaces V and H; respectively.
If A is the Dirichlet–Laplace operator on L2ðOÞ; where OCRn is an exterior,
regular domain, then R. Ikehata has shown in [3] that the L2 norm of the difference
u  v of solutions of (1.1) and (1.2) is of the order Oðð ﬃﬃtp log tÞ1Þ; uniformly for
ðu0; u1Þ in bounded subsets of ðH2ðOÞ-H10 ðOÞÞ 	 H10 ðOÞ:
Recently, Ikehata and Nishihara improved the above estimate for general A to
Oðt1ðlog tÞ12þeÞ; uniformly for ðu0; u1Þ in bounded subsets of DðAÞ 	 V ; [4]. It has
been conjectured in [3,4] that the difference is actually of the order Oðt1Þ:
We show in this note that this conjecture has a positive answer even for a stronger
norm, and that this estimate is optimal in general. The proofs rely on the spectral
theorem for self-adjoint operators.
The main result of this note is the following. Observe that throughout this note we
consider only mild solutions of Eqs. (1.1) and (1.2).
Theorem 1.1 (Global estimate). Let u; v be as above. There exists a constant CX0
independent of u0 and u1 such that for every tX1
tjjuðtÞ  vðtÞjjVpCfjju0jjV þ jju1jjHg: ð1:3Þ
Theorem 1.1 is optimal in the following sense.
Theorem 1.2 (Optimality). Assume that 0 belongs to the spectrum sðAÞ and that it is
not an isolated point in sðAÞ: Then
limsup
t-N
sup
jju0jjV ;jju1jjHp1
tjjuðtÞ  vðtÞjjV ¼: m40;
where u and v are the solutions of problems (1.1) and (1.2) corresponding to u0 and u1:
For individual solutions we obtain the following better result.
Theorem 1.3 (Individual estimate). Let u0AV and u1AH be fixed, and let u and v be
as above. Then
lim
t-N
tjjuðtÞ  vðtÞjjV ¼ 0:
2. Proof of Theorem 1.1
Lemma 2.1. (a) If, for some a40; AXaI ; then there exist constants d40; CX0
independent of u0 and u1 such that
jjuðtÞjjV þ jju0ðtÞjjHpCedtðjju0jjV þ jju1jjHÞ; tX0;
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and
jjvðtÞjjVpCeatðjju0jjV þ jju1jjHÞ; tX1:
(b) If A ¼ 0; then
jjuðtÞ  vðtÞjjVpetjju1jjH ; tX0:
Proof. (a) We study ﬁrst the solution u: Assume ﬁrst that u is in fact a classical
solution. Let e40 and deﬁne
HðtÞ :¼ 1
2
jju0jj2H þ 12ðAu; uÞH þ eðu; u0ÞH ; tARþ:
Then, for every tARþ;
d
dt
HðtÞ ¼ ðu0; u00 þ AuÞH þ ejju0jj2H  eðu; u0 þ AuÞH
p  ð1 eÞjju0jj2H þ
2e
a
jju0jj2H þ e
a
2
jjujj2H  eðAu; uÞ
p  1 e 2e
a
 
jju0jj2H 
e
2
ðAu; uÞH :
On the other hand,
ðu; u0ÞHp
1
2
ﬃﬃﬃ
a
p jju0jj2H þ
ﬃﬃﬃ
a
p
2
jjujj2H
p 1
2
ﬃﬃﬃ
a
p jju0jj2H þ
1
2
ﬃﬃﬃ
a
p ðAu; uÞH :
Hence, if we choose e40 small enough, then
c1ðjju0jj2H þ ðAu; uÞHÞpHðtÞpc2ðjju0jj2H þ ðAu; uÞHÞ
and
d
dt
HðtÞp 2dHðtÞ
for some constants c1; c2; d40: Since
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðA; ÞHp deﬁnes an equivalent norm in V ; this
implies the claim for classical solutions u: The general claim follows from this and by
approximation of mild solutions by classical solutions.
The exponential decay of the solution v follows from standard theory of analytic
C0-semigroups.
(b) If A ¼ 0; then the solutions u and v of Eqs. (1.1) and (1.2) are given by
uðtÞ ¼ u0 þ u1  etu1; tX0;
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and
vðtÞ ¼ u0 þ u1; tX0:
The claim follows from this and from the fact that H ¼ V : &
Proof of Theorem 1.1. By the spectral theorem for self-adjoint operators [8, Theorem
VIII.4, p. 260], the operator A is unitarily equivalent to a multiplication operator on
some L2 space. Therefore, it is sufﬁcient to consider the case when
H ¼ L2ðE; dmÞ;
ðAuÞðxÞ ¼ aðxÞuðxÞ; xAE; uADðAÞ;
where ðE; mÞ is a measure space, a is a nonnegative m-measurable function,
DðAÞ ¼ fuAH: a uAHg ¼ L2ðE; ð1þ a2ÞdmÞ;
and
V ¼ L2ðE; ð1þ aÞdmÞ:
With this notation, and if u and v are the mild solutions of Eqs. (1.1) and (1.2),
respectively, then for ﬁxed xAE the functions uð; xÞ and vð; xÞ satisfy the ordinary
differential equations
u00 þ u0 þ aðxÞu ¼ 0;
and
v0 þ aðxÞv ¼ 0:
The restrictions of the solutions u and v to the region faðxÞX1=16g decay
exponentially with values in the space V by Lemma 2.1(a). In particular, the
restriction of the difference of both solutions to the region faðxÞX1=16g decays
exponentially. It is therefore sufﬁcient to consider the case aðxÞ ¼ o2p1=16:
Step 1. If aðxÞ ¼ o2p1=16; then we have the formulas
vðtÞ ¼ eo2tðu0 þ u1Þ and
uðtÞ ¼ eo2tzðtÞ;
with
zðtÞ ¼ s2u0  u1
s2  s1 e
s2
1
t þ s1u0  u1
s1  s2 e
s2
2
t;
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where
s1 ¼ 1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 4o2
p
2
and s2 ¼ 1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 4o2
p
2
:
Note that s1 and s2 are the two solutions of the equation
s2 þ sþ o2 ¼ 0:
We have
s1  s2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 4o2
p
X
ﬃﬃﬃ
3
4
r
X1=2:
Since
s2241=4;
the part
s1u0  u1
s1  s2 e
s2
2
t
of w ¼ u  v dies off exponentially as t tends to inﬁnity, uniformly in o2A½0; 1=16Þ;
and therefore we only need to estimate
eo
2t s2u0  u1
s2  s1 e
s2
1
t  u0  u1
 
¼ s1u0
s2  s1 e
o2t þ s2u0ð1 e
s2
1
tÞ
s1  s2 e
o2t þ u1ðe
s2
1
t  ðs1  s2ÞÞ
s1  s2 e
o2t:
Since
s1 ¼ 2o
2
1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 4o2
p ;
and since
sup
sX0
ses ¼ 1
e
;
we have for every tX0
t
s1u0
s1  s2 e
o2t

p4ju0jjo2teo2tjp4e ju0j: ð2:1Þ
Next, from the inequality
s21p4o4
and
sup
sX0
s2es ¼ 4
e2
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we obtain for every tX0
t
s2u0ð1 es21tÞ
s1  s2 e
o2t

p 2ju0jjt2s21teo
2tj
p 16ju0jjo4t2eo2tj
p 64
e2
ju0j: ð2:2Þ
In a similar way, we estimate for every tX0
t
u1ðes21t  ðs1  s2ÞÞ
s1  s2 e
o2t


p2ju1jjes21t  1þ 1 ðs1  s2Þjteo2t
p2ju1jð1 es21t þ 1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 4o2
p
Þteo2t
p2ju1jð2s21t þ 4o2Þteo
2t
p2ju1jð8o4t2 þ 4o2tÞeo2t
p2ju1j 32
e2
þ 4
e
 
: ð2:3Þ
The three estimates (2.1), (2.2) and (2.3) yield for every tX0
tjuðtÞ  vðtÞjp 64
e2
þ 8
e
 
ðju0j þ ju1jÞ:
This estimate is independent of o2p1=16:
Step 2: Note that the space
Hs :¼ f fAH: supp fCfaðxÞ41=16gg
is invariant under the dynamics of Eqs. (1.1) and (1.2). The restriction of the
operator A to this space is strictly positive. Hence, by Lemma 2.1(a), the restriction
of the difference of the solutions u and v to the set faðxÞ41=16g decays
exponentially to 0 in the V -norm.
This means that there exist constants d40 and CX0 such that for every tX1
Z
faðxÞ41=16g
juðt; xÞ  vðt; xÞj2ð1þ aðxÞÞ dmðxÞpCedtðjju0jjV þ jju1jjHÞ2:
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This estimate and the Step 1 imply that for every tX1
jjuðtÞ  vðtÞjj2V
¼
Z
E
juðt; xÞ  vðt; xÞj2ð1þ aðxÞÞ dmðxÞ
¼
Z
faðxÞ41=16g
juðt; xÞ  vðt; xÞj2ð1þ aðxÞÞ dmðxÞ
þ
Z
faðxÞp1=16g
juðt; xÞ  vðt; xÞj2ð1þ aðxÞÞ dmðxÞ
pCedtðjju0jjV þ jju1jjHÞ2
þ
Z
faðxÞp1=16g
Ct2ðju0ðxÞj þ ju1ðxÞjÞ2ð1þ aðxÞÞ dmðxÞ
pCt2ðjju0jjV þ jju1jjHÞ2:
This is the claim. &
3. Proofs of Theorems 1.2 and 1.3
Proof of Theorem 1.2. By the spectral theorem for self-adjoint operators,
we may assume that A is a multiplication operator as in the proof of
Theorem 1.1.
With this identiﬁcation the assumption that 0AsðAÞ is not an isolated point in the
spectrum sðAÞ is equivalent to saying that inﬁnitely many of the sets
En :¼ 1
n þ 1paðxÞo
1
n
 	
have positive m-measure.
If aðxÞ ¼ o2p1=16; and if we assume that u1 ¼ 0; then
uðtÞ  vðtÞ ¼ 1
s1  s2 e
o2tðs2ðes21t  1Þ þ s1 þ s1es22tÞu0;
where u and v denote the solutions of the scalar equations of second and ﬁrst order,
respectively.
From the inequality
8sA½0; 1=16; s  8s2X1
2
s
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we obtain for every tp 1
16o2
tjuðtÞ  vðtÞjX eo2tð8o4t2 þ o2t þ s1te
1
4
tÞju0j
X 1
2
eo
2to2tju0jX12e1=16o2tju0j:
If, in addition, tX 1
32o2; then for instance
tjuðtÞ  vðtÞjX 1
100
ju0j:
Given nX16 such that mðEnÞ40 let tA½nþ132 ; n16 and o2A½ 1nþ1; 1nÞ: Then o2tA½ 132; 116: If we
deﬁne the simple function un0 :¼ 1=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mðEnÞ
p
wEn ; then jjun0jjH ¼ 1; jjun0jjVp2 and it is
easy, by integrating in x; to see that
8tA n þ 1
32
;
n
16

 
; tjjunðtÞ  vnðtÞjjVX
t
2
jjunðtÞ  vnðtÞjjH
X
1
200
:
The claim follows now by letting n; and hence t; tend to N: &
Proof of Theorem 1.3. By the spectral theorem for self-adjoint operators,
we may assume that A is a multiplication operator as in the proof of
Theorem 1.1.
Consider the Banach spaces X :¼ f fACð½1;NÞ; VÞ: suptX1 tjjf ðtÞjjVoNg and
X0 :¼ f fAX : limt-Ntjjf ðtÞjjV ¼ 0g; both endowed with the natural supremum
norm. By Theorem 1.1, the linear operator
V 	 H-X ;
ðu0; u1Þ/u  v;
where u  v is the difference of the two solutions u and v of the equations (1.1) and
(1.2), respectively, is well deﬁned and bounded.
By Lemma 2.1, this operator maps the set
Mn :¼ fðu0; u1ÞAV 	 H: supp u0; supp u1CfaðxÞX1=ngg,ðKer AÞ2
into X0:
Since the union
S
nAN Mn is total in V 	 H; the claim follows. &
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4. Applications and remarks
1. Theorem 1.2 shows that the estimate in Theorem 1.1 is optimal if A is a
selfadjoint, positive semideﬁnite operator such that 0 belongs to the spectrum sðAÞ
and is not an isolated point in sðAÞ:
On the other hand, if A is a selfadjoint, positive semideﬁnite operator such that 0 is
an isolated point in the spectrum sðAÞ (or such that 0 does not even belong to sðAÞ)
then there exist constants d40 and CX0 such that for every tX1
jjuðtÞ  vðtÞjjVpCedtðjju0jjV þ jju1jjHÞ:
This exponential estimate is a direct consequence of the spectral theorem for
selfadjoint operators and of Lemma 2.1. For such operators Theorem 1.1 is thus not
optimal.
2. It follows from the proof of Theorem 1.2 that for every kX0
limsup
t-N
sup
jju0jjDðAkþ1=2Þ;jju1jjDðAk Þp1
tjjuðtÞ  vðtÞjjV40:
In order to see this, one may again assume that A is a multiplication operator and
observe that the norms jj  jjDðAkÞ are equivalent to the norm jj  jjH on the subspace
fu0AL2ðE; dmÞ: supp u0CfaðxÞp1gg:
3. Ikehata proved his Theorem 1.2 in [3] in order to apply it to the dissipative wave
equation
utt þ ut  Du ¼ 0 in Rþ 	 O;
u ¼ 0 in Rþ 	 @O;
uð0; Þ ¼ u0; utð0; Þ ¼ u1;
8><
>: ð4:1Þ
and to the heat equation
vt  Dv ¼ 0 in Rþ 	 O;
v ¼ 0 in Rþ 	 @O;
vð0; Þ ¼ u0 þ u1;
8><
>: ð4:2Þ
in a domain OCRN : In fact, these equations are special cases of Eqs. (1.1) and (1.2) if
A :¼ DDO is the Dirichlet–Laplace operator on H ¼ L2ðOÞ with domain
DðAÞ :¼ fuAH10 ðOÞ:  DuAL2ðOÞg:
Since DðA12Þ ¼ H10 ðOÞ; we obtain the following corollary of Theorems 1.1 and 1.2.
Corollary 4.1. Let u and v be the solutions of the Eqs. (4.1) and (4.2), respectively.
There exists a constant CX0 independent of u0AH10 ðOÞ and u1AL2ðOÞ such
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that for every tX1
tjjuðtÞ  vðtÞjjH1
0
ðOÞpCðjju0jjH1
0
ðOÞ þ jju1jjL2ðOÞÞ:
This estimate is optimal if O contains balls of arbitrarily large radius, e.g. if O is an
exterior domain.
Remark 4.2. (a) The estimate in the above Corollary 4.1 improves [3, Theorem 1.2]
and [4, Theorem 1.1] into several directions. First, the estimate for u  v of the order
Oðt1Þ is better than the estimates Oðt12ðlog tÞ1Þ and Oðt1ðlog tÞ12þeÞ; second, the
estimate holds uniformly for ðu0; u1Þ in bounded subsets of the natural energy space
H10 ðOÞ 	 L2ðOÞ; and third, the difference u  v is estimated in the H10 norm.
(b) The estimate in the above Corollary 4.1 is not optimal if O is a bounded
domain, or, more generally, if O is a domain for which the ﬁrst Poincare´ inequality
Z
O
u2pc
Z
O
jruj2;
holds for all uAH10 ðOÞ and for a uniform constant cX0:
In fact, the ﬁrst Poincare´ inequality holds if and only if the Dirichlet–Laplace
operator is a strictly positive operator on L2ðOÞ: Thus, if the ﬁrst Poincare´ inequality
holds, then the difference u  v decays exponentially in the H10 norm by Lemma 2.1.
(c) The fact that the solution u of the wave equation has an asymptotic proﬁle
similar to that of the solution v of the heat equation has been observed before in
[1,2,7,9].
4. We remark that there are results in the spirit of Theorem 1.1 in the context
of nonlinear wave and heat equations. For results in this direction we refer
to [5,6,9].
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